Abstract. We produce new examples supporting the Mond conjecture which can be stated as follows. The number of parameters needed for a miniversal unfolding of a finitely determined map-germ from n-space to (n + 1)-space is less than (or equal to if the map-germ is weighted homogeneous) the rank of the nth homology group of the image of a stable perturbation of the map-germ. In this paper, we give the first examples of finitely determined map-germs of corank 2 from 3-space to 4-space satisfying the conjecture. We introduce a method for generating series of finitely determined map-germs in dimensions (n, n + 1) from a given finitely determined map-germ in dimensions (n − 1, n). We present more examples in the dimensions (4, 5) and (5, 6), and verify the conjecture for them.
Introduction
One of the intriguing problems in Singularity Theory is to relate algebraic properties of holomorphic map-germs with topological properties of the images of their stable perturbations. The image of a stabilisation of a finitely A-determined mapgerm from (C n , 0) to (C n+1 , 0) has the homotopy type of a wedge of n-spheres if (n, n + 1) is in the range of Mather's nice dimensions, i.e. n < 15, ([24] ) -the existence of stabilisations is not guaranteed outside the nice dimensions; however, a similar statement can be proved for topological stabilisations which exist even for n ≥ 15 ([5, Section 4] ). The number of spheres in the wedge is an A-invariant of the map-germ which is called the image Milnor number and denoted by µ I . Pellikaan and de Jong (unpublished) then de Jong and van Straten ( [7] ) and later Mond ([24] ) proved the following. For any finitely A-determined map-germ f from a surface to 3-space, A e -codim(f ) ≤ µ I (f ) and with equality if f is weighted homogeneous where A e -codim(f ) is the dimension of the base of a mini-A e -versal unfolding of f . A similar result for map-germs from (C, 0) to (C 2 , 0) was also proved by Mond ([25] ). Motivated by these results, Mond suggested the following generalisation. and with equality if f is weighted homogeneous and n < 15.
We claim that Conjecture 1.1 would follow from the following statement.
Conjecture 1.2. Let F be a stable d-parameter unfolding of a finitely A-determined map-germ f : (C n , 0) → (C n+1 , 0), and H be the defining equation of the image of F . Assume that G : (C n+1 × C, 0) → (C n+1 × C d , 0) is a germ transverse to F . Then NK H,e/C G is a Cohen-Macaulay module of dimension 1.
Our claim is motivated by Damon and Mond's work [5] where they proved a phenomenon similar to (1) for holomorphic map-germs f : (C n , 0) → (C p , 0) where (n, p) are nice dimensions and n ≥ p. For a finitely A-determined map-germ in these dimensions, the discriminant of a stabilisation intersected with a Milnor ball about the origin has the homotopy type of a wedge of (p − 1)-dimensional spheres ( [5, Theorem 4.6] ). The number µ ∆ of spheres in the wedge is called the discriminant Milnor number. The main result is that (2) A e -codim(f ) ≤ µ ∆ (f ) and with equality if f is weighted homogeneous.
Here we run through the main steps of the proof of (2) to clarify Conjecture 1.2. Consider f : (C n , 0) → (C p , 0) as a pullback of a stable d-parameter unfolding F by an immersion g : (C p , 0) → (C p × C d , 0) transverse to F . Assume that the discriminant V of F is defined by some H ∈ O C p+d ,0 . For any 1-parameter deformation G(y, t) = (g t (y), t) of g, NK H,e/C G is a Cohen-Macaulay module of dimension 1. This is deduced from the fact that V is a free divisor ([5, Proposition 5.2]). Consequently, K H -equivalence has a free deformation theory; that is, NK H,e g = (y,t)∈Supp(N K H,e/C G) (NK H,e g t ) y ( [5, Corollary 5.7] ). Now, if y is such that g t (y) ∈ V , then (NK H,e g t ) y ∼ = (NA e f t ) y = 0 since f t is stable. Let h t = H • g t and J ht be the Jacobian ideal of h t . If
is an isomorphism ([5, Lemma 5.6]). So the only contribution to the K H,e -dimension of g comes from the points y ∈ C p with g t (y) / ∈ V . The sum of the Milnor numbers dim C O C p ,y /J ht over all such y is equal to µ ∆ (f ). Hence one gets (2).
When p = n + 1, the discriminant coincides with the image of the map-germ. Furthermore, Damon and Mond's argument would prove Conjecture 1.1 if Conjecture 1.2 held.
A classification of finitely A-determined map-germs can be pursued as an alternative way to attack Conjecture 1.1. However, as the dimension and the corank gets higher, classifying such map-germs or even finding examples becomes a difficult task.
In this paper we focus on finding new examples of finitely A-determined corank ≥ 2 map-germs in order to test Conjecture 1.1. It is not our aim to obtain a classification. In [15] , Houston and Kirk gave a classification of map-germs of corank 1 from (C 3 , 0) to (C 4 , 0) with the strata of A e -codimension ≤ 4, and showed that all the examples in their list satisfy the conjecture. We start with investigating the next interesting case: finitely A-determined map-germs of corank 2 in the dimensions (3, 4) . In Section 3, we prove some equivalent conditions to finite A-determinacy for map-germs of any corank in the dimensions (3, 4) . These conditions can easily be checked by a computer algebra program such as SINGULAR ( [8] ) or Macaulay2 ( [12] ). We finish the section with two sets of examples.
In Section 4, we study finite A-determinacy of 1-parameter unfoldings defined by a base change operation on stable unfoldings. We refer to them as reductions.
. This definition coincides with Houston's definition of augmentations for d = 1 ([14] ). We prove that a reduction is finitely A-determined if F is a stable d-parameter unfolding of a finitely A-determined map-germ f and γ intersects the K V -discriminant of the identity map on (C p × C d , 0) only at the origin. In this setup, if f is defined from (C n , 0) to (C p , 0) then the reduction is a map from (C n+1 , 0) to (C p+1 , 0). We prove that a reduction satisfies Conjecture 1.2 if, additionally, f does and γ has multiplicity ≥ 2. We also present series of finitely A-determined map-germs of corank 2 supporting the conjecture in dimensions (4, 5) and (5, 6) . Finally, we discuss the lack of a correspondence between finitely A determined map-germs in the dimensions (n − 1, n) and the ones in (n, n + 1) (see Remarks 4.11 and 4.12) .
This work is based on a part of the author's PhD thesis submitted at the University of Warwick in 2011 under the supervision of David Mond to whom she would like to express her deepest gratitude. The author would also like to thank Meral Tosun for helpful suggestions in the preparation of this manuscript.
Terminology and Notations
Our terminology is standard, but the details can be found in [28] or [18] . We denote the space of holomorphic map-germs f : (
with the same ℓ-jet (at 0) as f is A-equivalent to f . Furthermore, f is finitely A-determined (or A-finite) if it is ℓ-A-determined for some ℓ < ∞. A mapgerm is A-stable if any of its unfoldings is A-equivalent to the trivial unfolding f × 1. By fundamental results of Mather, finite determinacy is equivalent to the finite dimensionality of NA e f := f
, and thus (if f is not stable) to 0 ∈ C p being an isolated point of instability of f . We set A e -codim(f ) := dim C NA e f .
Following [4] , for g ∈ E 0 s,p , (V, 0) ⊆ (C p , 0) and H ∈ O C p ,0 , the normal spaces with respect to K V and K H -equivalences are given respectively by
and
where Der(-log V ) (resp. Der(-log H)) is the module of logarithmic vector fields tangent to V (resp. to the level sets of H).
To be more precise,
in which I(V ) is the ideal of germs vanishing on V . For a d-parameter deformation G of g, the relative normal space is
Assume that f ∈ E 0 n,p is finite and equals the pullback of a stable unfolding F ∈ E 0 n+d,p+d by an immersion g ∈ E 0 p,p+d transverse to F . Let V be the image of F and H its defining equation. Then For a f ∈ E 0 n,p with n < p, the ramification ideal is R f := n df, the ideal of n × n-minors of the differential matrix of f . The corank is the C-vector space dimension of the kernel of df (0). Let Q(f ) := O C n ,0 /f * m C p ,0 be the local algebra and q(f ) := dim C Q(f ) the multiplicity of f .
An important tool for studying the geometry of maps is the notion of multiple point spaces. Given a map f : X → Y , we set
and define the k'th source multiple point space of f , D k (f ), by
(where the closure in taken in
is not empty. We extend this definition to germs of maps by taking the limit over representatives; if f ∈ E 0 n,p is finite, the local conical structure guarantees that we obtain in this way a well defined germ at 0 ∈ (C n ) k . In the corank 1 case, D k (f ) is given an analytic structure which is compatible with unfolding, and this leads to a definition of D k (f ) even in cases where
is empty. However, if corank ≥ 2, we only have an explicit description for this analytic structure for k = 2 which we will recall shortly. We refer the reader to [23] for a description of the ideals defining D k (f ) in corank 1 case. For the moment we want to distinguish the set-theoretic description from the analytic one. So we will denote byD 2 (f ) the variety given by the ideal sheaf
where I ∆p is the ideal of the diagonal of C p × C p and α := (α ij ) is the matrix with entries coming from the equations
n+d,p+d is a parametrised stable unfolding of f ([10]). If f is stableD 2 (f ) is reduced. Hence, we can adopt the following definition for the double point space.
Definition 2.1. Let f ∈ E 0 n,n+1 be finite and generically one-to-one. Let
It is straightforward to check that the definition is independent of the choice of the stable unfolding.
For a finite f ∈ E 0 n,p , the k'th target multiple point space is the set
(where preimages are counted with multiplicity) with analytic structure defined by
There is a natural projection π
n,n+1 be a finite and generically one-to-one map-germ. ThenD 2 (f ) is a Cohen-Macaulay space of codimension n + 1.
Proof. Let R 0 be any ring with identity and A = (a ij ) a generic (n + 1) × n-matrix over the ring
) is Cohen-Macaulay of codimension n + 1 by [6, Theorem 2.7] -there one needs to make the following substitutions n 0 = n + 1, n 1 = n, n j = 1 for j ≥ 2,
. . s n t , and
where α ij are given by (5) . Then Φ −1 (Z) = D 2 (f ). As f is finite and generically one-to-one, the image of π
Since we have the equality, graph(Φ) is defined by a regular sequence ([21, Theorem 17.4]) whence the result.
In the case where p = n + 1 and n < 6, stable map-germs have corank 1.
n,n+1 is a stable map-germ of corank ≥ 2 then n ≥ 6. Proof. If f is stable and of corank 2 then j 1 f : (C n , 0) → J 1 (n, n + 1) is transverse to Σ 2 , the space of matrices of corank 2, at 0 by
So codim Σ 2 ≤ n. However, Σ 2 is a vector space of codimension 6 by [18, §5.1, Chapter VII]. Therefore, we must have n ≥ 6. Proposition 2.4. If f ∈ E 0 n,n+1 be an A-finite map-germ of corank ≥ 2 and n < 6, then D 2 (f ) has codimension n + 1 and at most an isolated singularity at 0. 3. Map-germs from 3-space to 4-space
In these dimensions, all stable mono-germs have corank 1 (Proposition 2.3). According to Mather's classification in [19] , a stable corank 1 map-germ f ∈ E 0 n,p has a local algebra isomorphic to C {z} /(z ℓ+1 ) for ℓ ≤ n/(p − n + 1). For (n, p) = (3, 4), we get ℓ ≤ 1. In fact, if ℓ = 0, f is an immersion; if ℓ = 1, f is A-equivalent to a constant 1-parameter unfolding of a cross-cap (or shortly a cross-cap), e.g. to (x, y, z) → (x, y, z 2 , yz). This classification enables us to characterise the geometry of finitely A-determined map-germs away from the origin. 
(f ) reduced and agree outside the origin for k = 2, 3, 
is an immersion or a cross-cap for all x i ∈ S. Now, (i) clearly follows from Proposition 2.4.
n only when f fails to be degree 1 onto its image. In that case f is nowhere stable so it cannot be finitely A-determined. Hence we must have dim D 2 1 (f ) = 2. We have Sing(im(f )) = f Sing(dom(f )) ∪ M 2 (f ). A similar equality applies with π Sing(D
A map-germ forms a quadruple point away from the origin only if there is a line of quadruple points in the image. But a line of quadruple points is not stable. Hence, D 4 1 (f ) = {0} or empty. From (7), we get Sing(D
(v). Consider (4). We have α(
This concludes the first part of the proof. For the second part, we will show that (i)-(v) imply isolated instability at 0.
Let 0 = y ∈ C 4 and S := f −1 (y). Consider the multi-germf : (C 3 , S) → (C 4 , y). The geometric multiplicity of any x ∈ S is less than 3. This can be seen as follows. If the multiplicity mult(x) of x is greater than or equal to 3 then
Notice that if mult(x) = 1 then the branch at x is an immersion. If mult(x) = 2 then x is in V (R f ) which has dimension ≤ 1. Since
. So, the branch at x is a cross-cap. Now, let us study the cases based on S. First of all, the number of points in S is less than 5 as D 5 = ∅ in these dimensions. In fact, it is less than equal to 3 because the only quadruple point is the origin.
Another case that cannot occur is that S = {x 1 , x 2 , x 3 } where at least one of x 1 , x 2 , x 3 has multiplicity 2: if one of x i 's, say x 1 , has multiplicity 2 then x 1 ∈ V (R f ) as well as x 1 ∈ D 3 1 (f ). But this a contradiction by (v). So the only possible cases (up to a permutation) are the following. Case 1. S = {x} and mult(x) = 1; i.e.f is a mono-germ and an immersion. Case 2. S = {x} and mult(x) = 2; i.e.f is a mono-germ and a cross-cap. Case 3. S = {x 1 , x 2 } and mult(x i ) = 1 for all i = 1, 2; i.e.f is a bi-germ, each branch is an immersion. Case 4. S = {x 1 , x 2 } and mult(x i ) = 2 for all i = 1, 2; i.e.f is a bi-germ, each branch is a cross-cap. Case 5. S = {x 1 , x 2 } and mult(x 1 ) = 2 and mult(x 1 ) = 1; i.e.f is a bi-germ, the first branch is a cross-cap and the other is an immersion. Case 6. S = {x 1 , x 2 , x 3 } and mult(x i ) = 1 for all i = 1, 2, 3; i.e.f is a 3-germ, each branch is an immersion.
It remains to show the stability off in Cases 3-6. If both f (1) and f (2) are immersions but not transversal then their images coincide and they form a 3-dimensional double locus which contradicts (ii). So, they must be transversal whencef in Case 3 is a normal crossing. By a similar consideration, we can conclude that the multi-germ in Case 6 forms a line of ordinary triple points which is also stable.
For the other two cases, we will again use [19, Proposition 1.6].
To be more precise, we will show that (1) each f (i) is stable, and (2)
m is transverse to the diagonal {(y, . . . , y) ∈ (C 4 ) m } where A i is the isosingular locus of f (i) and m is the number of points in S. Recall that the isosingular locus of a map is the set of points in the domain at which the germ of the map is equivalent to the map in question. Clearly, the isosingular locus equals the domain for stable map-germs. Also for m = 2, (2) is equivalent to f (1) | A 1 being transverse to f (2) | A 2 . Letf be a bi-germ with f
(1) a cross-cap and f (2) an immersion (or again a cross-cap). If f (1) and f (2) are not transversal then D 2 (f ) has a singularity which contradicts (i). To see this, put f
(1) into a standard form; e.g.
By standard classification methods, one can show that f (2) has the form
of which the second component is singular. This concludes the proof of the theorem.
Corollary 3.2. Assume thatf : (C 3 , S) → (C 4 , y) is a representative of the multigerm of a finitely determined f ∈ E 0 3,4 at S := f −1 (y) where y = 0. There are four standard forms thatf can take -a normal crossing (8) , an immersion and a cross-cap meeting transversely (9), two cross-caps meeting transversely (10) and a line of ordinary triple points (11) .
Remark 3.3. In [16] , Kleiman, Lipman and Ulrich proved that if F : X → Y is a finite map of corank 1 between locally Noetherian schemes of dimensions n and n + 1,
) for all i ≥ 1 (under some additional hypotheses: F is of flat dimension 1, and Y satisfies Serre's condition (S 2 )). The equality, for a finite and generically one-to-one map-germ of corank 1 in E 0 n,n+1 , is proved in [2] with a different approach. We are able to prove the following equalities similar to (12) for map-germs of corank 2. 
for all 0 = x ∈ (C 3 , 0) and k ≥ 2. Moreover, all ideals in (13) and (14) are reduced.
Proof. The equalities and reducedness at the stalks away from 0 can easily be seen by calculating the presentations of pushforwards ([27, §2]) for (8)- (11). We can extend the equality
) is principal as it is the determinant of a certain square matrix ([27, Lemma 2.1]). As both are reduced away from the origin, they are reduced everywhere because they are Cohen-Macaulay. Therefore
The following examples suggests that for map-germs of corank ≥ 2, in general (12) should hold only for i = 1, 2.
Example 3.5. For the stable map-germ
one calculates that
The same equalities, and inequalities, hold for the stable map-germ
Notice that Q(h) = C · {1, y, z, yz} and Q(π 2 1 (h)) = C · {1, y 2 , z 2 }; Q(h) = C · {1, y, y 2 , z} and Q(π 2 1 (h)) = C · {1, y 2 , y 2 2 , z 2 }.
Examples and non-examples.
Proposition 3.6. The map-germ
is finitely A-determined for ℓ = 2, . . . , 6 and has the data in Table 1 . 
Proof. Finite A-determinacy of each map-germ is checked by Theorem 3.1, and A e -codimensions are calculated on SINGULAR using the identity (3). By another calculation we see thatÂ ℓ satisfies Conjecture 1.2 for ℓ = 2, 3, 4. Due to computer memory restrictions, we are yet to calculate A e -codimensions and verify the conjecture for k > 4 and the finite determinacy for ℓ > 6.
13 are A-finite with the data in Table 2 . 
33
(1, 1, 1) Truê B ± 5
252
(1, 1, 1) Truê B − 7
837
(1, 1, 1) Truê B ± 9
1968
(1, 1, 1) Truê B ± 11
3825
(1, 1, 1) Truê B − 13
6588
(1, 1, 1) ?
Proof. Finite A-determinacy of each map-germ is checked by Theorem 3.1. The double point spaces forB
are not isolated singularities, hence they are not A-finite. We calculate A e -codimensions on SINGULAR using the identity (3), and also see that they satisfy Conjecture 1.2. Due to computer memory restrictions, we are yet to verify the conjecture for ℓ > 5 and the finite determinacy for ℓ > 6. where a, b ∈ C and P 2d (x, y, z) is a homogeneous polynomial of degree 2d. Assume that d = 1. Then,
is not an isolated singularity whence h ′ is not finitely A-determined. Now, assume that d ≥ 2. We will show that h forms a line of quadruple points in the image whence it is not A-finite. Let us consider two lines L + : t → (0, t, αt) and L − : t → (0, t, −αt) where α ∈ C − {0}. We have
Write P 2d (x, y, z) = l+m+n=2d a lmn x l y m z n where a lmn ∈ C, for all l, m, n. So,
Let α 1 be a solution of (15) . Then
whence the result.
Remark 3.9. Notice that A e -codimension of our examples are quite high. The smallest codimension we have encountered so far is A e -codim(Â 2 ) = 18 among the map-germs of corank 2 in these dimensions (see also Proposition 4.4 -the first map-germ in the series there, f 1 , has codimension 33.). It would be very interesting to see if there exist weighted homogeneous map-germs of lower A e -codimension in the corank 2 case; even more, if there exist any finitely A-determined map-germs of corank 3 in any dimensions.
Generating new examples from old
In this section, we introduce a method for generating new examples by a special base change operation on stable unfoldings of finitely determined map-germs. First, we fix some notation. The chosen coordinate systems on (C p , 0) and (
be the standard projection and let F ∈ E 0 n+d,p+d . We may represent any ξ ∈ Θ(F ) as ξ = (ξ 1 , ξ 2 ) where ξ 1 is the Y-component and ξ 2 the U-component. We set Θ(F )/ρ := {ξ 2 | ξ = (ξ 1 , ξ 2 ) ∈ Θ(F )} which is isomorphic to (O C p+d ,0 ) d .
Definition 4.1 (cf. XIII, 1.4, [18] ). Let F ∈ E 0 n+d,p+d be a map-germ given by F (x, u) = (F u (x), u) for u ∈ C d , and γ : (C, 0) → (C d , 0) be a holomorphic mapgerm. We define the reduction R γ (F ) of F by γ to be the map-germ
Notice that the corank of R γ (F ) equals the corank of F . Moreover, if F is a d-parameter unfolding of an f ∈ E 0 n,p then a reduction is a 1-parameter unfolding of f . The following theorem states the criteria for finite determinacy of reductions. 
is a non-constant map-germ parametrising a curve which intersects D V (G) only at the origin. Then, R γ (F ) is also A-finite.
In this setting, we will refer to f as the initial map-germ of R γ (F ).
Proof. Consider R γ (F ) as a pull-back of F bŷ
Notice thatĝ is transverse to F since g : Y → (Y, 0) is. So, NA e R γ (F ) ∼ = NK V,eĝ . We will show that the support of NK V,eĝ consists of the origin at most.
We have
On the other hand,
.
We have NK V,e/C d G/(U) ∼ = NK V,e g. Thus,
As im(γ)∩D V (G) = {0}, (18) is also {0}. By (17) , Supp(NK V,eĝ ) is {0} or empty; equivalently, R γ (F ) is A-finite.
We expect that the converse of Theorem 4.2 also holds. We leave the proof for further study. We will use the following proposition to check Conjecture 1.2 for reductions.
,p+d be the inclusion andĝ given by (16) . Assume that q(γ) ≥ 2. If NK H,e/C G is a free O C,0 -module for a 1-parameter deformation G of g then there exists a 1-parameter deformationĜ ofĝ for which NK H,e/CĜ is also a free O C,0 -module.
Proof. Without loss of generality we may assume that G is given by
so thatĜ is also a deformation of G. Since (19) NK H,e/CĜ /(v)NK H,e/CĜ ∼ = NK H,eĝ , NK H,e/C G has dimension less than or equal to 1. Now, 
is finitely A-determined for ℓ ≥ 1 and satisfies Conjecture 1.1 .
Proof. Notice that f ℓ is a reduction of
which is A-finite ( [3] ). Let G be the identity on (C 2 × C 4 , 0). The image of γ cuts D V (G) only at {0}. Therefore, finite A-determinacy follows from Theorem 4.2. One can check that f 1 satisfies Conjecture 1.2. The statement for ℓ ≥ 2 follows from Proposition 4.3 for h satisfies the conjecture for n = 2 by the theorem of Mond and others.
We give examples in higher dimensions in the rest of this section. 
has A-codimension 30ℓ − 18 and satisfies Conjecture 1.1 for all ℓ ≥ 1.
Proof. Notice thatĈ ℓ is a reduction of
by γĈ : w → (0, w ℓ , 0). And FÂ 2 is a stable unfolding ofÂ 2 from Proposition 3.6. Let G be the identity on (C 4 × C 3 , 0). Any curve γ : w → (0, γ 2 (w), 0), where γ 2 (w) is not constant, intersects D V (G) only at the origin. Hence,Ĉ ℓ is also finitely A-determined by Theorem 4.2. Now we will show that NK V,eĝℓ has dimension 30ℓ − 18 over C whereĝ ℓ : (X, Y, Z, W, w) → (X, Y, Z, W, 0, w ℓ , 0) for all ℓ ≥ 1. We have
denote the standard basis for Θ(F )π. A Groebner basis for M 0 := g * 1 tρ (Der(-log V )) with respect to the reverse lexicographic order with priority given to the coefficients is given by the following vector fields.
By a standard argument from commutative algebra, We observe that NK H,e/C G is a 1-dimensional Cohen-Macaulay module for ℓ = 1 (here G is a 1-parameter unfolding ofĝ 1 and H is the defining equation of V , as usual). SinceÂ 2 satisfies the conjecture; so doesĈ ℓ for ℓ ≥ 2 (Proposition 4.3).
By similar calculations, we can prove the following two propositions. Proposition 4.6. The map-germ f ℓ defined by (21) has A e -codimension 45ℓ − 12. See Table 4 for the list of unfoldings from which the series in Table 3 are deduced.
Remark 4.8. The smallest codimension we have got so far is A e -codim(Ĉ 1 ) = 12 in the dimensions (4, 5) and A e -codim(M 1,1 ) = 13 in (5, 6). 
Label
Reduction A e -codim Initial map D ℓ (x, y 2 + xz + x 2 y + w ℓ y, yz, z 2 + y 3 + w 2ℓ y, w) 45ℓ − 18Â 2 E ℓ (x, y 3 + xz + x 4 y + w ℓ y, yz, z 2 + y 5 + w 2ℓ y, w) 536ℓ − 186Â 3 K ℓ (x, y 2 + xz, z 2 + xy, y 3 + yz 2 + z 3 + w ℓ z, w) 51ℓ − 33B M 1,ℓ (x, y 2 + xz + x 2 y + v ℓ y, yz + wy, z 2 + y 3 + v 2ℓ y, w, v) 25ℓ − 12Ĉ 1 M 2,ℓ (x, y 2 +xz +x 2 y +v ℓ y, yz +w 2 y, z 2 +y 3 +v 2ℓ y, w, v) 95ℓ − 42Ĉ 2 M 3,ℓ (x, y 2 +xz +x 2 y +v ℓ y, yz +w 3 y, z 2 +y 3 +v 2ℓ y, w, v) 165ℓ − 72Ĉ 3 N ℓ (x, y 3 + xz + x 2 y + wy, yz + v ℓ z, z 2 + y 5 + w 2 y + v 4ℓ y + v 3ℓ y 2 , w, v) Label Unfolding FÂ 2 (x, y 2 + xz + x 2 y + u 11 y, yz + u 12 y, z 2 + y 3 + u 13 y, u 1 ) FÂ 3 (x, y 3 + xz + x 4 y + u 21 y + u 22 y 2 , yz + u 23 y, z 2 + y 5 + u 24 y + u 25 y 2 , u 2 ) FB+ 3 (x, y 2 + xz + u 31 z, z 2 + xy + u 32 z, y 3 + yz 2 + z 3 + u 33 y + u 34 z, u 3 ) FB+ 5 (x, y 2 + xz + u 41 z, z 2 + xy, y 3 + yz 2 + z 3 + u 42 y + u 43 z + u 44 yz, u 4 ) FĈ ℓ (x, y 2 + xz + x 2 y + u 51 y, yz + w ℓ y + u 52 y, z 2 + y 3 + u 53 y, u 5 ) FÊ 1 (x, y 3 + xz + x 4 y + wy, yz + u 61 y + u 62 z, z 2 + y 5 + u 63 y + u 64 y 2 , u 6 ) FK 1 (x, y 2 + xz + u 71 z, z 2 + xy + u 72 z, y 3 + yz 2 + z 3 + wz + u 73 y, w, u 7 )
Remark 4.10. The formula for A e -codimension for each germ in Table 3 is a linear form in one variable and the constant term is equal to the codimension of the initial map-germ. It would be interesting to see if this holds in general.
map-germs coming from lower dimensions since it was already proven for n = 2. We leave this problem for further study.
